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Discretized Gravity on the Hyperbolic Disk1
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Abstract. We consider discretized gravity in six dimensions, where the two extra dimensions have
been compactified on a hyperbolic disk of constant curvature. We analyze a fine-grained realization
of lattice gravity on the hyperbolic disk at the level of an effective field theory for massive gravitons.
It is shown that a nonzero curvature or warping in radial direction allows to obtain a strong coupling
scale that becomes in the infrared regime larger than in discretized warped five-dimensional space.
In particular, when approaching the boundary of the discretized warped hyperbolic disk, the local
strong coupling scale can be as large as the local Planck scale.
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INTRODUCTION
Curved space-time manifolds admit to realize a number of extremely interesting ideas
ranging from the Randall-Sundrum (RS) models [1] to the AdS/CFT correspondence
[2] or moduli stabilization in string compactifications with fluxes [3]. A strong space-
time curvature is also advantageous when formulating lattice gravity in the context of
an effective field theory (EFT) [4, 5]. In 5D flat space, the ultraviolet (UV) strong
coupling scale depends on the bulk volume, or infrared (IR) scale, via a so-called
“UV/IR connection” that would forbid to take the large volume limit within a sensible
EFT [5]. Recently, it has been shown that this UV/IR connection can be avoided for
discretized gravity in five-dimensional (5D) warped space-time [6, 7] such that a large
volume limit like in RS II becomes possible. However, the strong coupling scale is in
discretized 5D warped space still everywhere smaller than the local Planck scale.
In this talk, we consider a six-dimensional (6D) lattice gravity construction, where
the two extra dimensions are compactified on a discretized hyperbolic disk [8] (see also
Ref. [9]). We study a fine-grained latticization of a hyperbolic disk that is warped along
the radial direction and estimate there the local strong coupling scale. It turns out that the
presence of the 6th dimension can yield the theory on the discretized warped hyperbolic
disk more weakly coupled than in the corresponding 5D warped case. In particular, the
local strong coupling scale can become on the boundary of the disk as large as the local
Planck scale.
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FIGURE 1. Physical space of the orbifold K2/Z2. Shown are the coordinates (r,ϕ) of a point on the
hyperbolic disk K2, which is warped along the radial direction. The orbifold projection ϕ →−ϕ identifies
the upper half of K2 with the lower half (gray shaded region).
6D WARPED HYPERBOLIC SPACE
Consider 6D general relativity compactified to four dimensions on an orbifold K2/Z2,
where K2 is a two-dimensional hyperbolic disk of constant negative curvature. The 6D
coordinates xM are labeled by capital Roman indices M = 0,1,2,3,5,6 while Greek
indices µ = 0,1,2,3 denote the usual 4D coordinates xµ . The 6D Minkowski metric
is ηMN = diag(1,−1, . . . ,−1). A point on the hyperbolic disk K2 is described by polar
coordinates (r,ϕ), where r = x5 and ϕ = x6 with r ∈ [0,L] and ϕ ∈ [0,2pi). Here, r is
the geodesic distance of the point (r,ϕ) from the center, i.e., L is the hyperbolic radius
of the disk. The disk is warped along the r direction and the 6D metric for the warped
hyperbolic disk is given by the line element
ds2 = e2σ(r)gµν(xµ ,r,ϕ)dxµ dxν −dr2− v−2 sinh2(vr)dϕ2, (1)
where 1/v > 0 is the curvature radius of the disk, gµν(xµ ,r,ϕ) is the 4D metric, and
σ(r) = −wr, where w is the curvature scale for the warping. The geometry of the
orbifold K2/Z2 with the definition of the UV and IR branes is shown in Fig. 1. Expanding
gµν in terms of small fluctuations around 4D Minkowski space as gµν = ηµν +hµν , the
relevant 6D kinetic part of the graviton Lagrangian density is then, to quadratic order,
found to be of the form
Slin = M46
∫
d6xv−1sinh(vr)
[1
4
e4σ(r)(∂rhµν)(ηµνηαβ −ηµα ηνβ )(∂rhαβ )
+
1
4
e4σ(r)v2sinh−2(vr)(∂ϕhµν)(ηµν ηαβ −ηµαηνβ )(∂ϕhαβ )
]
, (2)
where M6 is the 6D Planck scale, h = hµ µ , hν = ∂ µ hµν , and h5M = h6M = 0.
DISCRETIZATION AND STRONG COUPLING
Let us consider a fine-grained latticization of the hyperbolic disk K2 which is of the
type shown in Fig. 2, where we will throughout interpret the sites (drawn as circles) and
FIGURE 2. Fine-grained discretization of the hyperbolic disk for kmax = 4. The small solid
circles represent the sites and are labeled by an index i. On each site i lives a graviton field giµν
and two neighboring sites i and j on adjacent circles are connected by a link (i, j) (solid lines).
links (solid straight lines) following Ref. [4]. The sites are distinguished by an index
i and each site i is equipped with its own metric giµν that can be expanded around
4D flat space as giµν = ηµν + hiµν . The sites lie on kmax concentric circles (dashed
lines) that are labeled as k = 0,1,2, . . . ,kmax when going from the center (k = 0) to
the boundary (k = kmax). Fig. 2 shows the special case kmax = 4. On the kth circle, we
have Nk ≡ 2k sites, and the total number of sites on the first k circles is Ntotalk ≡ 2k+1−1.
The exponential growth of Nk, when moving outward on the disk, is a salient feature of
our graph that is important for the strong coupling behavior near the IR branes on the
boundary. Like in Ref. [6], we assume that the radial geodesic coordinates of the sites
are integer multiples of a common proper radial lattice spacing a ≡ 1/m∗ and take the
values k ·a, where k = 0,1,2, . . . ,kmax, i.e., the kth circle has a proper radius k ·a. For a
given site i, we will denote by ri the proper radius of the concentric circle on which the
site i is located. To introduce the warping along the radial direction of the fine-grained
latticized disk, we proceed exactly like in the discretized 5D RS model in Ref. [6] and
replace in the linearized gravitational action in Eq. (2), e.g., the derivatives in the r
direction by e−2wr∂rhµν → 1ae−2wri(h
j
µν −hiµν), where it is understood that i and j are
neighboring sites on two adjacent concentric circles that are connected by a link (i, j).
We thus obtain for the discretized gravitational Lagrangian on the warped hyperbolic
disk Llin = M24 ∑i e−2wrie−2wrihiµνhiµν +LFP, where LFP are Fierz-Pauli mass terms
that are schematically given by
LFP = M24 ∑
(i, j)
m2
∗
e−4wri(h jµν −hiµν)(ηµνηαβ −ηµα ηνβ )(h
j
αβ −h
i
αβ ), (3)
where i and j are neighboring sites connected by a link (i, j) and M4 is the universal 4D
Planck scale on the sites. Restoring like in Refs. [4, 6] general coordinate invariances by
adding Goldstone bosons to Llin, we find for the local strong coupling scale on the kth
circle [8]
Λ6Dwarp(k) =
√
w
M4
(
√
NkMkm4∗e−4wka)1/5 = N
1/10
k Λ
5D
warp(k), (4)
where Mk ≡ M4e−wka is the local Planck scale on the kth circle and Λ5Dwarp(k) is the
strong coupling scale in the corresponding 5D warped case. The important point is here
the presence of the factor Nk that can render the model more weakly coupled than in
5D warped space when Nk becomes exponentially large. For w/M4 ≃ 0.1, we see that
having Λ6Dwarp(k) as large as Mk requires exponentially many sites Nk on the kth circle,
which is in our model possible in the outer regions of K2 at the IR branes. In 5D warped
space, Λ5Dwarp(k) is always smaller than the local Planck scale. Choosing, instead, in our
6D model, e.g., m∗=M4 and w= (0.1)×M4, the local strong coupling scale can become
on the hyperbolic disk as large as the local Planck scale Mk for values k = O(102).
To summarize, we have seen for two discrete gravitational extra dimensions com-
pactified on a warped hyperbolic disk that a high curvature or strong warping allows
to avoid the UV/IR connection problem of lattice gravity in flat space. By going to six
dimensions on the hyperbolic disk, it is possible to improve further the strong coupling
behavior of the 5D flat or warped case and achieve on the IR branes a description of
lattice gravity that is valid up to the local Planck scale. It would be interesting to re-
late our analysis, e.g., also to moduli stabilization in effective theories, to theories with
spontaneously broken space-time symmetries [10], and to studies on the implications of
latticized extra dimensions for cosmology [11].
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